Abstract A straight-line drawing of a plane graph is called an open rectangle-ofinfluence drawing if there is no vertex in the proper inside of the axis-parallel rectangle defined by the two ends of every edge. In an inner triangulated plane graph, every inner face is a triangle although the outer face is not necessarily a triangle. In this paper, we first obtain a sufficient condition for an inner triangulated plane graph G to have an open rectangle-of-influence drawing; the condition is expressed in terms of a labeling of angles of a subgraph of G. We then present an O(n 1.5 /log n)-time algorithm to examine whether G satisfies the condition and, if so, construct an open rectangle-of-influence drawing of G on an (n − 1) × (n − 1) integer grid, where n is the number of vertices in G.
A closed RI-drawing, (b) an open RI-drawing, and (c) a non-RI-drawing of an inner triangulated plane graph without filled 3-cycles line drawing, in which all vertices of G are drawn as points and all edges are drawn as straight-line segments without any edge-intersection. A straight-line drawing is called a grid drawing if all vertices are put on grid points of integer coordinates. Figure 1 depicts three grid drawings of the same plane graph. A proximity drawing of a graph is a straight-line drawing where the points representing adjacent vertices are deemed to be close according to some proximity measure. Proximity drawings have been intensively studied in recent years because they arise in many areas including pattern recognition, geographic information systems, and computer vision [11] .
In the paper, we deal with a type of a proximity drawing of a plane graph, known as a "rectangle-of-influence drawing" [1, 13] . A rectangle-of-influence of an edge e is an axis-parallel rectangle having e as one of its diagonals. In each of Figs. 1(a)-(c), a rectangle-of-influence is shaded for an edge e = (u, v) drawn by a thick line. We call a grid drawing a rectangle-of-influence drawing (or simply an RI-drawing) if there is no vertex in a rectangle-of-influence of any edge. Figures 1(a) and (b) depict RI-drawings, while Fig. 1 (c) depicts a grid drawing which is not an RI-drawing. An RI-drawing often looks pretty, since vertices tend to be separated from edges. Our RI-drawing is the so-called weak RI-drawing [13] . A rectangle-of-influence of a line segment is defined similarly as that of an edge. A straight-line drawing is called a strong RI-drawing if there is an edge (u, v) for every two vertices u and v such that no vertex is inside the rectangle-of-influence of segment (u, v) [13] . Liotta et al. investigate whether several subclasses of planar graphs as well as complete graphs admit strong RI-drawings [13] .
A rectangle-of-influence of an edge e is closed if it contains the boundary of a rectangle and is open if it does not contain the boundary. In a closed RI-drawing, every rectangle-of-influence is regarded as a closed one, while in an open RI-drawing, every rectangle-of-influence is regarded as an open one. In a closed RI-drawing, there is no vertex except the ends not only in the proper inside of a rectangle-of-influence of each edge but also on the boundary, as illustrated in Fig. 1(a) . In an open RIdrawing, there may be a vertex other than the ends on the boundary of a rectangle, as illustrated in Fig. 1(b) . Thus a closed RI-drawing is an open RI-drawing, but an open RI-drawing is not always a closed RI-drawing.
Biedl et al. [1] showed that a plane graph G has a closed RI-drawing if and only if G has no filled 3-cycle, that is, a cycle of three vertices such that there is a vertex in the proper inside, and showed that G has a closed RI-drawing on an (n − 1) × (n − 1) grid if G has no filled 3-cycle, as illustrated in Fig. 1(a) , where n is the number of Fig. 1 has no filled 3-cycle, while the graph in Fig. 2 (a) has filled 3-cycles.) They also showed that one can test in linear time whether a given planar graph has a plane embedding without filled 3-cycles. It is also known that every 4-connected plane graph with four or more vertices on the outer facial cycle has an open RI-drawing on a smaller grid, that is, a W × H grid with W + H ≤ n, and such a drawing can be found in linear time [15] , where W and H are the width and height of an integer grid, respectively. A plane graph G may have an open RIdrawing even if G has a filled 3-cycle, as illustrated in Figs. 2(a) and (b). However, a necessary and sufficient condition for an open RI-drawing is not known. It is an open problem to characterize a class of plane graphs that have open RI-drawings [1] or strong open RI-drawings [13] .
In a triangulated plane graph, all facial cycles are 3-cycles. In an inner triangulated plane graph, all inner facial cycles are 3-cycles although the outer facial cycle is not necessarily a 3-cycle, as illustrated in Fig. 2(a) . Every plane graph can be augmented to a triangulated or inner triangulated plane graph under some constraint [2] . Some of the algorithms for drawing plane graphs first triangulate or inner-triangulate a given plane graph G by adding dummy edges, find a drawing of the resulting graph, and finally erase the dummy edges from the drawing to obtain a drawing of G [1, 6, 16] . In the paper, we deal with open RI-drawings of triangulated plane graphs and inner triangulated plane graphs. We first show that one can decide in linear time whether a given triangulated plane graph G has an open RI-drawing and that if G has such a drawing, then it can be constructed in linear time on a W × H grid with W + H = n, where n is the number of vertices in G (see Fig. 3 ). We then obtain a sufficient condition for an inner triangulated plane graph G to have an open RI-drawing (see Figs. 2(a) and (b)). Our condition is expressed in terms of a labeling of angles of a subgraph G * of G with integers 0, 1, 2, 3, and 4. The subgraph G * , called the frame graph of G, is obtained from G by removing all vertices and edges in the proper inside of every maximal filled 3-cycle of G. G * is an inner triangulated plane graph and has no filled 3-cycle, and hence G * has a closed RI-drawing. (Figure 2(c) depicts Fig. 2(a) .) We show that G has an open RI-drawing if G * has a kind of an angular labeling, called a "good labeling." We also present an O(n 1.5 / log n)-time algorithm to examine whether G * has a good labeling and, if so, construct an open RI-drawing of G on an (n − 1) × (n − 1) grid from a good labeling of G * . The complexity O(n 1.5 / log n) is due to a step where the algorithm finds a perfect matching in a bipartite graph. An early version of the paper was presented at [14] .
The remainder of the paper is organized as follows. In Sect. 2, we present some definitions and a known result. In Sect. 3, we show how to find an open RI-drawing of a triangulated plane graph. In Sect. 4, we first present a sufficient condition for an inner triangulated plane graph G to have an open RI-drawing, that is, we claim that G has an open RI-drawing if G * has a good labeling, and then present an algorithm to find an open RI-drawing of G from a good labeling of G * . In Sect. 5, we prove the sufficient condition. In Sect. 6, we present an algorithm to find a good labeling of G * . Finally we conclude in Sect. 7.
Preliminaries
In this section, we present some definitions and a known result.
We deal with an undirected simple graph G. The set of vertices in G is denoted by V (G). An edge joining vertices u and v is denoted by (u, v) . We denote by u → v the edge directed from u to v. Throughout the paper, we denote by n the number of vertices of a graph G. A W × H integer grid consists of W + 1 vertical grid lines and H + 1 horizontal grid lines. We call W and H the width and height of the integer grid, respectively. The x-coordinate of vertex v is denoted by x(v) and the y-coordinate by y(v).
A graph is planar if it can be embedded in the plane so that no two edges intersect geometrically except at a vertex to which they are both incident. A plane graph is a planar graph with a fixed embedding. A plane graph G divides the plane into connected regions, called faces. The boundary of a face is called a facial cycle and is denoted by a sequence of the vertices on the boundary. The boundary of the outer face is called the outer facial cycle of G. A vertex on the outer facial cycle is called an outer vertex, while a vertex not on the outer facial cycle is called an inner vertex. An edge on the outer facial cycle is called an outer edge, while an edge not on the outer facial cycle is called an inner edge. A cycle of three vertices in G is called a 3-cycle. A 3-cycle of G is filled if there is a vertex in the proper inside of C. The graph in Fig. 2(a) has three maximal filled 3-cycles C 1 , C 2 , and C 3 , which are drawn by thick lines. A plane graph G is inner triangulated if G is 2-connected and every inner facial cycle is a 3-cycle.
A 3-cycle C of a plane graph G is drawn as a triangle T in a grid drawing of G. Every triangle T is covered by the three closed rectangle-of-influences of edges of C. Therefore, if G has a closed RI-drawing, then G has no filled 3-cycle. The converse is also true. Thus Biedl et al. obtained the following result [1] .
Lemma 1 A plane graph G has a closed RI-drawing if and only if G has no filled
A straight-line segment is oblique if it is neither horizontal nor vertical. Every edge is oblique in a closed RI-drawing obtained by the algorithm in [1] . A grid drawing of a plane graph is oblique if every edge is oblique in the drawing.
Drawing Triangulated Plane Graphs
Let C be a maximal filled 3-cycle of an inner triangulated graph G. Then the inside graph G(C) induced by all the vertices inside C is a triangulated plane graph. (Figure 3 (a) depicts G(C 1 ) for G and C 1 in Fig. 2(a) .) In this section, we show how to find an open RI-drawing of an arbitrary triangulated graph.
Suppose that G is an arbitrary triangulated plane graph with four or more vertices as illustrated in Fig. 3(a) and that G has an open RI-drawing D as illustrated in Fig. 3(b) . The outer facial cycle C = uvw of G is filled and is drawn as a triangle T in D. Two or three sides of the triangle T are oblique; otherwise, T has exactly one oblique side and T is a right-angled triangle having both a vertical side and a horizontal side; the proper inside of such a triangle T is covered by the open rectangle-of-influence of the oblique side, and hence the inner vertices of G cannot be drawn. Thus there are the following three cases to consider.
(a) Two sides of T are oblique, and the other side is horizontal, as illustrated in Fig. 4 (a) (b) Two sides of T are oblique, and the other side is vertical, as illustrated in Fig. 4(b) and (c) All the three sides of T are oblique, as illustrated in Fig. 4(c) . Conversely, if G has a structure illustrated in Fig. 4(f) , then G has an open RIdrawing on a W × H grid such that W + H = n. Note that W = n − c and H = c for the index c above.
We thus have the following theorem. 
Sufficient Condition
If G has no filled 3-cycle, then by Lemma 1 G has a closed RI-drawing, which is an open RI-drawing. Therefore, we may assume without loss of generality that G has filled 3-cycles. Let C 1 , C 2 , . . . , C k , k ≥ 1, be the maximal filled 3-cycles of G. (The plane graph G in Fig. 2(a) has three maximal filled 3-cycles C 1 , C 2 , and C 3 drawn by thick lines, and hence k = 3.) The inside graph G(C i ) induced by all the vertices inside C i is a triangulated plane graph. One may assume without loss of generality that G(C i ) has an open RI-drawing for every index i,
We will claim that if G satisfies our sufficient condition, then G has an open RIdrawing in which every edge of the frame graph G * of G is oblique, as illustrated in Our condition is expressed in terms of a labeling of the frame graph G * of G. A labeling L * of G * is an assignment of labels 0, 1, 2, 3, or 4 to each angle of G * , as illustrated in Fig. 7 (a). We say that an oblique drawing D * of G * realizes a labeling L * if every inner angle labeled i by L * contains exactly i half-lines in D * for each i, A labeling of G * satisfying three conditions (a)-(c) above is called a good labeling. (A good labeling has a close relation with the "regular edge-labeling" of Kant and He [12] and the "transversal structure" of Fusy [7] in the case where the outer face of G * is quadrangular.)
We claim the following theorem, the proof of which will be given in Sect. 5.
Theorem 2 An inner triangulated plane graph G has an open RI-drawing if the frame graph G * of G has a good labeling.
One may prefer to draw the outer facial cycle of G as a convex polygon for which each outer angle contains two, three, or four half-lines in D. We say that an RIdrawing D of G is good if every edge of G * is oblique and each outer angle contains It is interesting to observe the following fact. When the maximal filled 3-cycles C 1 , C 2 , . . . , C k are removed from an inner triangulated plane graph G, the resulting frame graph G * has no filled 3-cycle and hence, by the result in [1] , one can construct a closed oblique RI-drawing D * of G * . In order to construct an open RI-drawing of G, one has just to ensure that every maximal filled 3-cycle C i , 1 ≤ i ≤ k, has a vertex w such that w is adjacent to all vertices inside C i and the angle incident to w inside C i has no half-line in D * , as illustrated in Fig. 4(f) , that is, the angle has label 0 in a good labeling. Furthermore, the drawing of every inner face F of G * in D * satisfies the following two conditions (i) and (ii):
(i) the three edges of F cannot have the same slope with respect to the sign; and (ii) among the three vertices of F , the vertex w incident to an angle with label 0 must be either left-most or right-most and must be either top-most or bottom-most, as illustrated in Fig. 11 .
Constructing an Open RI-drawing from a Good Labeling
Suppose that the frame graph G * of an inner triangulated plane graph G has a good labeling L * , as illustrated in Fig. 7(a) . Remember that each inside graph G(C i ), 1 ≤ is enlarged to a drawing on a 4 × 7 grid as illustrated in Fig. 2 
(b).) We claim that the resulting drawing D is an open RI-drawing of G.
Our algorithm for constructing D * from L * consists of the following three steps.
Step 1 Directing each edge (u, v) of G * , we construct a directed graph G * x , as illustrated in Fig. 12(a) (v 1 , v 2 ) . Then the good labeling L * assigns label 0 to one of the three vertices v 1 , v 2 , and v 3 of F 1 and assigns label 1 to the other two vertices, as illustrated in Fig. 13 . If v 1 has label 0 as in Fig. 13(a) , then we decide that Fig. 14(a) . If v 2 has label 0 as in Fig. 13(b . It should be noted that one can obtain the orientation by the following two rules: (i) the three edges of an inner face cannot have the same slope with respect to the sign, and (ii) a vertex w with the inner angle in a face F labeled 0 is simultaneously (left, right)most and (top, bottom) most among the three vertices on the face F , i.e., it has out-degree either 0 or 2 on F in G * x and G * y . We will show in Sect. 5, by Lemma 4 and Lemma 2, that both G * x and G * y are acyclic, that each of G * x and G * y has exactly one vertex of in-degree zero, called the source, and every other vertex has in-degree one or more, and that each of G * x and G * y has exactly one vertex of out-degree zero, called the sink, and every other vertex has out-degree one or more. Step 2 For each edge e = u → v of G * x , we assign a positive integer weight w x (e) to e, as illustrated in Fig. 12(c) where w x (e) is written in a square. The weight w x (e) implies that x(u) + w x (e) ≤ x(v) in D * . We decide w x (e) as follows. If an inner facial cycle F of G * is not filled in G, then we give, as a weight w x (e), either 1 or 2 to each edge e of F ; w x (v 1 → v 2 ) = w x (v 2 → v 3 ) = 1 and w x (v 1 → v 3 ) = 2 if the angle at v 1 has label 0, as illustrated in Fig. 14(a) . If F is filled in G, that is, F = C i for some index i, 1 ≤ i ≤ k, then we assign a weight w x (e) to each edge e of F , as illustrated in Fig. 14(b) ; the value w x (e) depends on both the number n F of vertices in the inside graph G(F ) and the index c in Sect. 3;
Since each inner edge e receives two weights from the two facial cycles containing e, we assign e the larger one as w x (e). Similarly, we assign a positive integer weight w y (e) to each edge e of G * y , as illustrated in Fig. 12(d) .
Step 3 Let s x be the source of G * x , that is, the vertex having in-degree zero. We decide the x-coordinate x(s x ) of s x as x(s x ) = 0. Since G * x is acyclic and every vertex u other than s x has in-degree one or more, one can find in linear time the longest path from s x to each vertex u in G * x . We decide x(u) to be the length of the longest path. Similarly, we compute the y-coordinate of every vertex. Thus we obtain a drawing D * of G * , as illustrated in Fig. 7(b) .
We will verify the correctness of our algorithm in Sect. Let s x and t x be the source and sink of the acyclic graph G * x , respectively. (See Lemma 4 in Sect. 5.) Let P x be the longest path in G * x from s x to t x of G * x . Then
for every edge e = u → v in P x . Let P y be the longest path in G * y from the source s y to the sink t y of G * y . Then
for every edge e = u → v in P y . (P x and P y are drawn by thick lines in Figs. 12(c) and (d), respectively.) Let length(P x ) and length(P y ) be the length of P x and P y , respectively. Then the drawing D of G obtained by our algorithm is on a W × H integer grid such that W = length(P x ) and H = length(P y ). By (1) and (2) there is one or more vertices of G on each grid line, and hence W, H ≤ n − 1. Thus we have the following theorem.
Theorem 3 One can construct a good open RI-drawing of an inner triangulated plane graph G on a W × H ≤ (n − 1) × (n − 1) grid in linear time if a good labeling
of G * is given. 
For an inner facial cycle F of G * , we denote by G * x (F ) the directed subgraph of G * x induced by F . Similarly G * y (F ) is defined. We then have the following lemma. , and hence the proposition holds for i = 1. We next assume inductively that the proposition holds for i, 1 ≤ i ≤ f I − 1, and we shall prove that the proposition holds for i + 1.
Lemma 2 The drawing
There are the following two cases to consider. Case 1: Exactly one of the three edges of F i+1 , say e, is contained in G * i . In this case, exactly one of the three vertices in F i+1 , say v, is not contained in G * i , and v is not an end of e. Similarly as in Fig. 15 , we decide the position of v relatively to the positions of the ends of e, that is, we decide the directions of the two edges of F i+1 other than e in G * x and G * y so that D * i+1 realizes L * i+1 . Case 2: Exactly two edges of F i+1 are contained in G * i . Let u be the common end of the two edges, and let F i+1 = uvw. Since the angle of u in F i+1 is an inner angle of G * , condition (b) of a good labeling implies that the label of u in F i+1 is either 0 or 1. Thus there are the following two cases to consider.
Case 2a: The label of u in F i+1 is 0. (See Fig. 16 .) In this case, one of the following (i), (ii), and (iii) holds for each of the 3-cycles G * x (F i+1 ) and G * y (F i+1 ): (i) u has in-degree 0 (ii) u has in-degree 2 and (iii) u has in-degree 1.
We claim that (iii) does not occur for G * x (F i+1 ) and G * y (F i+1 ). We prove the claim only for G * x (F i+1 ), because one can similarly prove the claim for G * y (F i+1 ). Assume for a contradiction that u has in-degree 1 in G * x (F i+1 ), as illustrated in Fig. 17 . Then u has out-degree 1. We may assume without loss of generality that v → u and u → w in G * x . The directions of edges (v, u) and (u, w) have been already decided, and G * i is 2-connected and has no "hole." Therefore, the relative positions of all vertices around u (other than the direction of edge (v, w)) have been already decided, and u is an inner vertex of G * i+1 . Furthermore, by the inductive assumption, the drawing
i , the labels of angles around the inner vertex u other than the angle in F i+1 total to 1, 2, or 3. (Figure 17 illustrates the case where the labels total to 3.) Since the label of angle of u in F i+1 is 0, the labels of angles around u total to 1, 2, or 3, contrary to condition (a) of the good labeling.
Thus, for each of G * x (F i+1 ) and G * y (F i+1 ), either (i) or (ii) holds. If (i) holds for both G * x (F i+1 ) and G * y (F i+1 ), then according to the given labeling L * we decide the relative positions of u, v, and w, that is, we decide the directions of edge (v, w) in G * x and G * y , as illustrated in Fig. 16(a) . If (i) holds for G * x (F i+1 ) and (ii) holds for G * y (F i+1 ), then we decide the directions of (v, w) in G * x and G * y , as illustrated in Fig. 16(b) . For the other cases, we decide the directions of (v, w) Since D * realizes a good labeling L * , by the definition every inner angle labeled j by L * contains exactly j half-lines in D * for each j , 0 ≤ j ≤ 4. Since D * is oblique and L * satisfies conditions (a)-(c), every outer angle labeled j by L * contains exactly j half-lines for each j , 2 ≤ j ≤ 4.
We then have the following lemma.
Lemma 3
The drawing D * of G * has no edge-crossing.
Proof We may assume without loss of generality that, in Step 3, we put all vertices in order of their y-coordinates: let n * be the number of vertices in G * , let w 1 , w 2 , . . . , w n * be the vertices of G * , and let y(w 1 ) ≤ y(w 2 ) ≤ · · · ≤ y(w n * ). For Fig. 19 Illustrations of G * h each h, 1 ≤ h ≤ n * , we denote by G * h the subgraph of G * induced by vertices w 1 , w 2 , . . . , w h ; then G * = G * n * . Of course, w 1 is the source s y of G * y and is an outer vertex. Obviously the drawing of G * 1 has no edge-crossing. Vertex w 2 has in-degree one or more in G * y , while w 2 has in-degree zero in a graph obtained from G * y by deleting w 1 = s y . Therefore G * y has an edge w 1 → w 2 , and hence G * has an edge (w 1 , w 2 ). The edge (w 1 , w 2 ) is oblique in D * , and y(w 1 ) ≤ y(w 2 ) ≤ y(w h ) for every h, 3 ≤ h ≤ n * . Therefore, one of the two faces containing (w 1 , w 2 ) cannot have labels 0, 1, 1. Thus (w 1 , w 2 ) must be an outer edge of G * . Of course, the drawing of G * 2 has no edge-crossing. We shall prove that the drawing of G * h has no edge-crossing for each index h,
Let u 1 , u 2 , . . . , u i be the vertices, adjacent to w h , whose y-coordinates are smaller than y(w h ). Then, noting that D * realizes L * and every vertex has degree two or more in an inner triangulated graph, one can observe that i ≥ 2. One may assume that u 1 , u 2 , . . . , u i appear clockwise on the outer face of the plane drawing of G * h−1 in this order. One can easily observe that x(u 1 ) < x(u 2 ) < · · · < x(u i ), because D * realizes L * and hence each inner face has labels 0, 1, 1. Let u j , 1 ≤ j ≤ i, be the vertex having the smallest y-coordinate among u 1 , u 2 , . . . , u i . We then claim that y( Fig. 19(a) . Assume otherwise that there exists a vertex u l , 2 ≤ l ≤ i − 1, such that y(u l−1 ) < y(u l ) > y(u l+1 ), as illustrated in Fig. 19(b) . Since there is no vertical edge in the drawing D * obtained by our algorithm, we have x(u l ) = x(w h ). If x(u l ) < x(w h ), then the labels of the inner face w h u l u l−1 would be 0, 2, 0, as illustrated in Fig. 20(a) , contrary to the condition (b) of the good labeling. If x(u l ) > x(w h ), then the labels of the inner face w h u l u l+1 would be 0, 2, 0, as illustrated in Fig. 20(b) , contrary to the condition (b) of the good labeling.
Since the drawing D * realizes a good labeling L * , each new inner face of G * h created when v h is added to G * h−1 has labels 0, 1, 1. Therefore, v h can be located only In order to guarantee that one can find the longest paths in G * x and G * y , it suffices to prove the following two lemmas. Proof We prove only that G * x has exactly one vertex of in-degree zero and that every other vertex has in-degree one or more, because the proof for the other claims is similar.
Lemma 4 Each of G
Let n * be the number of vertices of G * , let n o be the number of outer vertices of G * , let m be the number of edges of G * , and let f I be the number of inner faces of G * . Then, by Euler's formula [8] , we have
Since each inner facial cycle is a 3-cycle, we have
By (3) and (4), we have
Since the labeling L * satisfies condition (a) of the good labeling, the labels of all angles total to 4n * . Furthermore, by condition (b) of the good labeling, the labels of all inner angles total to 2f I . Thus the labels of all outer angles total to as illustrated in Fig. 22(c) .
The outer facial cycle of G * x can be partitioned into maximal directed paths, whose endpoints are the only candidates for the sinks and sources of G * x . Moreover, the outer angles of these endpoints can have labels only either 3 or 4, and any such path, whose two endpoints have their outer angles labeled by 3, has to contain third vertex having the outer angle labeled by 3. One can thus observe that there are exactly two paths in such a partition; one goes clockwise from an outer vertex a to an outer vertex b, and the other goes counterclockwise from a to b. Since the label of the outer angle of a is 3 or 4, at most one of the inner angles of a has label 1, and all the others have label 0. Thus, the outer vertex a has in-degree zero in G * x , and every other outer vertex has in-degree one or more. Since D * realizes a good labeling L * of G * , one can easily observe that every inner vertex of G * x has in-degree two or more. Thus only the outer We then have the following lemma.
Lemma 5 Both G *
x and G * y are acyclic.
Proof We prove only that G * x is acyclic, because one can similarly prove that G * y is acyclic. Suppose for a contradiction that G * x has a directed cycle
By Lemmas 2 and 3, D * is an oblique drawing realizing a given good labeling L * of G * . Therefore, we have x(u) < x(v) for each directed edge u → v of G * x , and hence x(v 0 ) < x(v 1 ) < · · · < x(v p ). This contradicts to the assumption that v p = v 0 . We have thus completed the proof of Lemma 5.
Using Lemmas 2 and 3, we finally prove the following lemma.
Lemma 6
The drawing D * is an oblique closed RI-drawing of G * .
Proof Suppose for a contradiction that D * is not a closed RI-drawing of G * . Then there is a pair of an edge e and a vertex z such that z is contained in a closed rectangleof-influence of e. One may assume without loss of generality that the distance between e and z is minimum among all these pairs. G * has two faces containing e. Let F be the one of them which is in the same side of e as z. If F is the outer face of G * , then F has a shape illustrated in Figs. 22(a)-(c) , and hence z cannot be located in the rectangle-of-influence of e, a contradiction. Thus F is an inner face of G * . Let e = (u, v) and F = uvw. Then vertex w is not contained in the rectangle-of-influence of e, because, by Lemma 2, D * realizes the good labeling L * of G * . Furthermore, z is not contained in F , because, by Lemma 3, there is no edge-crossing in D * . Therefore, z is located in a rectangle-of-influence of (u, w) or (v, w), say (u, w), as illustrated in Fig. 23 . Then, the distance between (u, w) and z is smaller than that between e and z, a contradiction. We have thus completed the proof of Lemma 6.
It should be noted that condition (c) of a good labeling is crucial in the proofs of Lemmas 4 and 6. 
Algorithm for Computing a Good Labeling
In this section, we show how to find a good labeling of the frame graph G * of an inner triangulated plane graph G.
We assign each angle of G * with label 0, 1, x, or y, as illustrated in Fig. 24(a) . The values of labels x's and y's are undecided at this moment; x will be decided to be 0 or 1, and y to be 2, 3, or 4. Each of the outer angles of G * is assigned a label y. Each of the inner angles is assigned a label 0, 1, or x as follows. For every inner facial 3-cycle C of G * that is none of the maximal filled 3-cycles C 1 , C 2 , . . . , C k in G, we assign a label x to each of the three angles in C. For every inner facial 3-cycle C = uvw of G * , that is, C 1 , C 2 , . . ., or C k , we assign labels as follows: if exactly one of u, v, and w, say w, is adjacent to all the other vertices of G(C) as C 1 in Fig. 2(a) , then we assign 0 to the angle of w in C and assign 1 to the other two angles in C; if exactly two, say v and w, are adjacent to all the other vertices of G(C) as C 2 in Fig. 2(a) , then we assign label x to the angles of v and w in C and assign 1 to the other; if each of u, v, and w is adjacent to all the other vertices of G(C) as C 3 in Fig. 2(a) , then G(C) = K 4 , each of u, v, and w can have label 0, and hence we assign a label x to the three angles in C. This completes the labeling of G * by 0, 1, x, and y. Our problem is to determine all the values of x's and y's so that the resulting labeling is a good labeling of G * , that is, it satisfies conditions (a), (b), and (c) in Sect. 4.1.
Reduction to an f -factor Problem
In this subsection, we show that the problem above can be reduced to an "f-factor" problem on a new graph G * f , where f is a function from the set V (G * f ) of vertices in G * f to nonnegative integers. An f -factor of G * f is a spanning subgraph of G * f in which each vertex v has degree f (v) [8] .
The new graph G * f is constructed from G * , as illustrated in Fig. 24(b) , where G * f is drawn by solid black lines and G * by dotted gray lines. We include all vertices of G * in G * f but do not include any edge of G * in G * f . If an inner facial cycle C of G * has an angle labeled x, then we add a new vertex v C in C and join v C with each of the vertices in C labeled x. Furthermore, we add a new vertex v o in the outer face and join v o with each outer vertex of G * by a pair of multiple edges. The resulting graph is G * f . We then define a function f : V (G * f ) → {0, 1, . . . , 4} as follows. (In Fig. 24(b) ,
where n C is the number of inner angles in C which are labeled 1. This means that exactly the number f (v C ) of the labels x's in C must be 1 so that exactly two of the three labels in C are 1, that is, condition (b) holds for C. Of course, 0 ≤ n C ≤ 1 and hence 1 ≤ f (v C ) ≤ 2. If C is none of the maximal filled 3-cycles C 1 , C 2 , . . . , C k of G, then n C = 0 and hence f (v C ) = 2. (In Fig. 24(b) , This means that the sum of the labels y of all outer angles must be 2n o + 4 (see (3) in Sect. 6), and hence the sum of y = y − 2 taken over all outer angles must be 4, where n o is the number of outer vertices of G * .
One can easily observe that G * has a good labeling, as illustrated in Fig. 24(d) , if and only if G * f has an f -factor, as illustrated in Fig. 24(b) by thick solid lines. Note that an edge e in an f -factor corresponds to an inner angle of label x = 1 if e is not incident to v o in G * f and that if exactly y of the two multiple edges joining v o and an outer vertex v of G * are contained in an f -factor, then the label y of v is y + 2. 
Reduction to a Perfect Matching Problem
In this subsection, we show that the f -factor problem on G * f above can be reduced to a "perfect matching problem" on a new graph G * d constructed from G * f and f , as illustrated in Fig. 24(c) . We will show that G * f has an f -factor if and only if G * d has a perfect matching. A perfect matching of G * d is drawn by thick lines in Fig. 24(c) . We now show how to construct a decision graph G * d . We include in G * d a vertex v C for each inner facial cycle C of G * such that at least one of the three inner angles of C is labeled x. We add to G * d a complete bipartite graph for each vertex v ∈ V (G * f ) corresponding to an original vertex of G * as follows. Let n x be the number of inner angles around vertex v of G * labeled x, and let α 1 , α 2 , . . . , α n x be these angles. (See Fig. 25. 
Conclusions
In this paper, we first showed how to find an open RI-drawing of a triangulated plane graph in linear time. We then obtained a sufficient condition for an inner triangulated plane graph G to have an open RI-drawing. Indeed, it is a necessary and sufficient condition to have a good open RI-drawing: G has a good open RI-drawing if and only if the frame graph G * of G has a good labeling. We finally presented an algorithm to construct a good open RI-drawing of G on an (n − 1) × (n − 1) grid in time O(n 1.5 /log n) whenever G has one. It would be interesting to know whether the complexity can be improved or not. In the case where G has no filled 3-cycle, our algorithm provides a closed RI-drawing of G. It is an alternative algorithm to the algorithm of Biedl et al. [1] for the family of plane graphs with no filled 3-cycle.
It is an open problem to characterize a plane graph having an open RI-drawing, which is not necessarily inner triangulated. In general, a planar graph may have many embeddings. Thus, it is also an open problem to find an embedding of a given planar graph which admits an open RI-drawing.
